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Abstract 

In this work, we study the problem of mean- variance hedging with a random horizon 
T At, where T is a deterministic constant and r is a jump time of the underlying asset 
price process. We first formulate this problem as a stochastic control problem and 
relate it to a system of BSDEs with jumps. We then provide a verification theorem 
which gives the optimal strategy for the mean-variance hedging using the solution of 
the previous system of BSDEs. Finally, we prove that this system of BSDEs admits a 
solution via a decomposition approach coming from filtration enlargement theory. 
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1 Introduction 

In most of the financial markets, the simplifying assumption of completeness fails to be 
true. In particular, investors cannot always hedge the financial products that they are 
interested in. A possible approach is the mean-variance hedging one. It consists, for a 
financial product of terminal income H at a fixed horizon time T and an initial capital 

*The research of the author benefited from the support of the French ANR research grant LIQUIRISK. 
^The research of the author benefited from the support of the "Chaire Risque de Credit", Federation 
Bancaire Frangaise. 
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x, in finding a strategy ir such that the portfolio V x ' n of initial amount x and strategy 7r 
realizes the minimum of the mean square error 



e\\v^-h\ 2 



over all the possible investment strategies. 

In this paper, we are concerned with the mean-variance hedging problem over a random 
horizon. More precisely, we consider a random time r and a contingent claim with a gain 
of the form 



where T < oo is a fixed deterministic terminal time and study the mean-variance hedging 
problem over the horizon [0, T A r] defined by 



Financial products with gains of the form (|l.ip naturally appear on financial markets, see 
e.g. Examples 12. II and 12.21 presented in Subsection 12.31 Their valuations are therefore of an 
important interest. 

The mean- variance hedging problem with deterministic horizon T is one of the classical 
problems from mathematical finance and has been considered by several authors via two 
main approaches. One of them is based on martingale theory and projection arguments and 
the other considers the problem as a quadratic stochastic control problem and describes 
the solution using BSDE theory. 

The bulk of the literature primarily focuses on the continuous case where both ap- 
proaches are used (see e.g. Delbaen and Schachermayer [5], Gourieroux et al. jS], Laurent 
and Pham [21] and Schweizer for the first approach, and Lim and Zhou [22] and Lim 
[2T] for the second one). 

In the discontinuous case, the mean-variance hedging problem is considered by Arai 
[I], Lim [23] and Jeanblanc et al [13] • In PQ, the author uses the projection approach for 
general semimartingale price process model whereas in [23] the problem is considered via 
the stochastic control view for the case of diffusion price processes driven by Brownian 
motion and Poisson process. The author provides under a so-called "martingale condition" 
the existence of solution to the associated BSDEs. In the recent paper [14], the authors 
combine tools from both approaches, which allows them to work in a general semimartingale 
model and to give a description of the optimal solution to the mean-variance hedging via 
the BSDE theory. More precisely the authors prove that the value process of the mean- 
variance hedging problem has a quadratic structure and that the coefficients appearing in 
this quadratic expression are related to some BSDEs. Then, they provide an equivalence 
between the existence of an optimal strategy and the existence of a solution to a BSDE 
associated to the control problem. They also show in some specific examples, via the 
control problem, existence of solutions for BSDEs of interest, but let the problem open in 
the general case. 

In this paper, we also use a stochastic control approach and describe the optimal solution 
by a solution to a system of BSDEs. 



H = H b t T<T + H?t T > 




infE \VtZ~ H 




2 



We consider a model of diffusion price process driven by a Brownian motion and a 
random jump time r for which we study the mean- variance hedging with horizon T A r 
given by f| 1 . 2 1) . We follow the progressive enlargement approach initiated by Jeulin [15], 
Jeulin and Yor |16j and Jacod |12j . which lead to consider an enlargement of the initial 
information given by the Brownian motion to make r a stopping time. We note that this 
approach allows to work under wide assumptions, in particular, no a priori law is fixed for 
the random time r contrary to the Poisson case. 

Following the quadratic form obtained in [14] . we use a martingale optimality principle 
to get an associated system of nonstandard BSDE. We then provide a verification theorem 
(Theorem 13. 2 p which provides an explicit optimal investment strategy via the solution to 
the associated system of BSDEs. Our contribution is twofold. 

• We link the mean- variance hedging problem on a random horizon with a system of BSDE, 
in a general progressive enlargement setup which avoids to suppose any a priori law for the 
jump part. We show that, under wide assumptions, the mean-variance hedging problem 
admits an optimal strategy described by the solution of the associated BSDE. 

• We prove that the associated system of BSDEs, which is nonstandard, admits a solution. 
The main difficulty here is that the obtained system of BSDEs is nonstandard since it is 
driven by a Brownian motion and a jump martingale and has generators with quadratic 
growth in the variable z and are undefined for some values of the variable y. To solve these 
BSDE we follow a decomposition approach inspired by the result of Jeulin (see Proposition 
12. ip which allows to consider BSDEs in the smallest filtration (see Theorem 14. 3p . Then 
using BMO properties, we provide solutions to the decomposed BSDEs which lead to the 
existence of a solution to the BSDE in the enlarged filtration. 

We notice that, for the studied problem i.e. mean- variance hedging with horizon T At, 
the interest of our approach is that it provides a solution to the associated BSDE, without 
supposing any additional assumption specific to the studied BSDE as done in [23] where 
the author introduces the "martingale condition" to prove existence of a solution to the 
BSDE or in [14] where the existence of a solution to the BSDE is given in specific cases. 

The rest of the paper is organized as follow. In Section 2, we present the details of 
the probabilistic model for the financial market, and set the mean- variance hedging on 
random horizon. In Section 3, we show how the construct the associated BSDEs via the 
martingale optimality principle. We then state the two main theorems. The first one 
concerns the existence of a solution to the associated system of BSDEs and the second one 
is a verification Theorem which gives an optimal strategy via the solution of the BSDEs. 
Then, Section 4 is dedicated to the proof of the existence of solution to the associated 
system of BSDEs. Finally, some technical results are relegated to the appendix. 
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2 Preliminaries and market model 



2.1 The probability space 

Let (f2, Q, P) be a complete probability space. We assume that this space is equipped with 
a one-dimensional standard Brownian motion W and we denote by F := (J-t)t>o the right 
continuous complete filtration generated by W. We also consider on this space a random 
time r, which modelizes for example a default time in credit risk or a death time in actuarial 
issues. The random time r is not assumed to be an F-stopping time. We therefore use in 
the sequel the standard approach of filtration enlargement by considering G the smallest 
right continuous extension of F that turns r into a G-stopping time (see e.g. [15|. PT6| I12j). 
More precisely G := (Qt)t>o is defined by 

Qt ■= P| Qt+e , 
e>0 

for all t > 0, where Q s := T s V <r(l T < u , u G [0, s]), for all s > 0. 

We denote by V(¥) (resp. "P(G)) the cr-algebra of F (resp. G)-predictable subsets of 
f2 x M + , i.e. the <r-algebra generated by the left-continuous F (resp. G)-adapted processes. 

We now introduce a decomposition result for 'P(G)-measurable processes proved in |15j . 

Proposition 2.1. Any V(G) -measurable process X = (Xt)t>o is represented as 

X t = X b t l t < T + X?{r)l t>T , 

for all t > 0, where X b is V(¥) -measurable and X a is V(¥) <8> 23(M+) -measurable. 

Remark 2.1. In the case where the studied process X depends on another parameter 
x evolving in a Borelian subset X of MP, and if X is "P(G) (g> B(X), then, decomposition 
given by Proposition 12.11 is still true but where X b is P(F) <g> ^(AQ-mesurable and X a 
is V{¥) (g) ^(M_|_) B{ X) -measurable. Indeed, it is obvious for the processes generating 
V{&)®B{X) of the form X t {uj,x) = L t (u)R(x), (t,u,x) £ R+ x Q x X, where L is P(G)- 
measurable and R is S(^)-measurable. Then, the result is extended to any "P(G) <g> B(X)- 
measurable process by the monotone class theorem. 

We then impose the following assumption, which is classical in the filtration enlargement 
theory. 

(H) The process W remains a G-Brownian motion. 

We notice that under (H), the stochastic integral J * X s dW s is well defined for all T-'(G)- 
measurable process X such that \X s \ 2 ds < oo. 

In the sequel we denote by N the process l r <. and we suppose 

(Hr) The process N admits an F-compensator of the form J q At Xtdt, i.e. N — J Q Ar Xtdt is 
a G-martingale, where A is a bounded "P(F)-measurable process. 



4 



We then denote by M the G-martingale defined by 

/•tAT 

M t := N t - \ s ds , 
Jo 

for all t > 0. We also introduce the process A which is defined by \f := (1 — Nt)Xt- 

2.2 Financial model 

We consider a financial market model on the time interval [0, T] where < T < oo is a 
finite time horizon. We suppose that the financial market is composed by a riskless bond 
with interest rate zero and a risky asset S. The price process (St)t>o of the risky asset is 
modeled by the linear stochastic differential equation 

S t = S + f S s - (pi s ds + a s dW s + (3 s dM s ) , Vt G [0, T] , (2.1) 
Jo 

where fj,, a and j3 are "P(G)-measurable processes. We impose the following assumptions 
on the coefficients fx, a and [3. 

(US) 

(i) The processes n and a are bounded: there exists a constant C > such that 

\Ht\ + Wt\ < C, ViG[0,r], P-a.s. 

(ii) The process a is uniformly invertible: there exists a constant C > such that 

kt| > C, Vt€[0,T\, F-a.s. 

(iii) There exists a constant C such that 

-1 < Pt < C , Vt G [0,T] , P-a.s. 

Under (HS), we know from e.g. Theorem 1 in [8] that the process S defined by (|2.ip is 
well defined. 

2.3 Mean- variance hedging 

We consider investment strategies which are "P(G)-measurable processes ir such that 

TAr 

\iT t \ 2 dt < +oo , P-a.s. 

This condition and (US) ensure that the stochastic integral J* * -^-dSr is well defined for 
such a strategy n and t G [0, TAr]. The wealth process V x ' w corresponding to a pair (x, 7r), 
where x G M. is the initial amount, is defined by the stochastic differential equation 

V t x ^ := x+ / —^dS r , Vt G [0, T A r] . 
Jo S r - 
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We denote by A the set of admissible strategies ir such that 

fTAr 



E 



\ir t \ 2 dt 



o 



< oo . 



For x € R, the problem of mean-variance hedging consists in computing the quantity 

1 2' 



inf E 

tt£A 



I V TAt 



(2.2) 



where H is a bounded C/TAr-measurable random variable of the form 

H = H h \T<r + H®\t>t , 



(2.3) 



where H b is an J^-measurable random variable valued in R and H a is a continuous ¥- 
adapted process also valued in R and such that 



\H < oo, and 



sup \H?\ 
te[o,T] 



where we recall that 



is defined by 



\X\ 



hrNOO : 



\X\ < 



< oo 



for any random variable X. 



Since the problem we are interested in uses the values of the coefficients fx, a and /3 
only on the interval [0,T At], we can assume by Proposition 12.11 that /i, a and j3 are 
'P(F)-measurable and we shall do that in the sequel. 



We end this section by two examples of financial product taking the form (12 .3p . 

Example 2.1 (Insurance contract). Consider a seller of an insurance policy which protects 
the buyer over the time horizon [0,T] from some fixed loss L. Then if we denote by r the 
time at which the loss appears, the gain of the seller is of the form 

H = pt T<T + (p - L)t T > T , 

where p denotes the premium that the insurance policy holder pays at time 0. 

Example 2.2 (Credit contract). Consider a bank which lends an amount A to a company 
over the period [0, T]. Suppose that the time horizon [0,T] is divided on n subintervals 
[k^, (fc + l)^], k = 0, . . . , n— 1, and that the interest rate of the loan over a time subinterval 
is r. The company has then to pay A to the bank at each time k^, k = 1, . . . , n. If 

we denote by r the company default time, then the gain of the bank is given by 

H = {(l + r) n -l)Al T<T + H a (T)l T > T , 

where the function H a is given by 

[l + r) n 



Hi 



n-l 

£(<=- 

k=i 



l)At k r 



<*<(*+!) ^ ' 



t, te[0,T] 
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3 Solution of the mean-variance problem by BSDEs 

3.1 Martingale optimality principle 

To find the optimal value of the problem (|2.2|) . we follow the approach initiated by Hu et 
al. [H] to solve the exponential utility maximization problem in the pure Brownian case. 
More precisely, we look for a family of processes 



{(•?) 



te[o,T] 



: vr G A] 



satisfying the following conditions 

1 2 



(i) JZat 



V 



TAt 



H\ , for all 7r G A. 

(ii) J^ 1 = J£ 2 , for all 7Ti,7r 2 G A 

(iii) («^T)t e foTl * s a G-submartingale for all 7r G *4. 

(iv) There exists some 7r* £ A such that {^t )te[0T] * s a G-martingale. 



Under these conditions, we have 



inf E 



I V TAt 



Indeed, using (i), (iii) and Doob's optional stopping theorem, we have 



E 



I V TAt 



for all 7r G A- Then, using (i), (iv) and Doob's optional stopping theorem, we have 

1 2" 



T7T 



E 



\yX,7T 

I TAt 



(3.4) 



(3.5) 



Therefore, from (ii), (|3.4p and ([3.50 . we get for any ir £ A 



E 



v: 



TAt 



We can see that 



T 

■J(\ 



JIT 



inf E 



Jq < E 



TAt 



TAt 



3.2 Related BSDEs 

We now construct a family {{Jt)te[o,T] > ^ £ -4} satisfying the previous conditions by using 
BSDEs as in [11] . To this end, we define the following spaces. 

- is the subset of R- valued cad-lag G-adapted processes Oft)te\o,T] essentially bounded 



\Y\ 



sup | It 

te[o,T] 



< oo 
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S^' + is the subset of Sq of processes (Y t ) te i 0jT i valued in (0, oo), such that 



< oo . 



is the subset of R-valued 7 3 (G)-measurable processes (•Zt)te[o,T] such that 

c 



\Z\ 



ft 



E 



\Z t \ 2 dt 



< oo . 



L 2 (A) is the subset of R- valued 7 7 (G)-measurable processes (Ut)te\o,T\ such that 



\U\ 



L2(A) 



E 



TAt 



A, 1 17, 1 ds 



< oo . 



To construct a family {(Jt)t£[o,T]> n £ ^4} satisfying the previous conditions, we set 

r t = Yt \v^-y t \ 2 + T t , te[o,T], 

wherffl (Y, Z, 17) is solution in xL^x 7 2 (A) to 

r-TAr r-TAr r-TAr 

Y t = 1+ / f(s,Y s ,Z s ,U s )ds- Z s dW s - U s dM s , te[Q,T], (3.6) 

JtAr JtAr JtAr 

(y,Z,U) is solution in x L% x L 2 (A) to 

r-TAr r-TAr r-TAr 

y t = H+ Q (s,y s ,Z s ,Us)ds- Z s dW s - U s dM s , te[0,T], (3.7) 

JtAr JtAr JtAr 

and (T, E, 9) is solution in <Sg° xLgX 7 2 (A) to 



f J Ar /•! AT f J Ar 

T t = / fj(s,T a ,3 a ,e 8 )d 8 - / E s dW s - e a dM 8 , te[0,T]. (3.8) 

In these terms, we are bounded to choose three functions f, g and f) for which J n is a 
submartingale for all ir £ A, and there exists a it* £ „4 such that J 71 " is a martingale. In 
order to calculate f, g and f), we write J w as the sum of a (local) martingale M n and an 
(not strictly) increasing process 7T 7r that is constant for some ir* € A. 

To alleviate the notation we write f(t) (resp. g(i), f)(t)) for f(i, Y t , Z t , Ut) (resp. g(i, 3^, Z t ,Ut), 

t)(t,T t ,E t ,& t )) forte [0,T]. 

Define for each 7r € *4 the process X 71 ' by 



XI 



V t x £-y t , te[0,T}. 



From Ito's formula, we get 



dJT = dMT + dK 



t > 



(3.9) 



1 As commonly done for the integration w.r.t. jumps processes, the integral J a stands for J^ a „. 
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where M n and K n are denned by 

dM? := {2X1 fapt - U t ){Y t - + U t ) + \* t pt ~ Ut\ 2 {Y t - + U t ) + \X*. \ 2 U t + Q t ]dM t 
+ - Z t ) + Z t \X?\ 2 + Z t }dW t , 



dK? := [y t [2X?(ir t iH + Q(t)) + W^t - Z t \ 2 ] - \X^{t) + 2X?Zt(n t a t - Z t 
+ 2\fX?U t (Tr t /3 t - U t ) + Xf\7r t (3 t - U t \ 2 (U t + Y t ) - t>(t)}dt . 
We then write dK v in the following form 

dK? = K t (ir t )dt, 

where K is defined by 

K t (ir) := A t \ir\ 2 + B t Ti + C t , vr G R , t e [0,T] , 

with 



\a t \ 2 Y t + Xf\/3 t \ 2 (U t + Y t ), 

2X?(fi t Y t + a t Z t + XfptUt) - 2a t Y t Zt - 2\f /3 t Ut(Y t + U t ) , 

-f(t)\X?\ 2 + 2X?(Y t5 (t) - Z t Z t - XfUM) + Y t \Z t \ 2 + Xf\U t \ 2 (U t + Y t ) - 



for all t € [0, T]. In order to obtain a nondecreasing process K w for any ir € A and that 
is constant for some tt* 6 A it is obvious that Kt has to satisfy min^R i£t(7r) = 0. Using 
Y £ <5 ( ^ > ' + and (H5) (ii), we then notice that At > for all t € [0, T]. Indeed, we have 

r r T 1 r r T 

= E[[y TAr ]-] = E / [Y s - + U s ]-Xfds = E / [y s + U s }~Xfds 



which gives (Y s + t/ s )A!f > for s E [0, T]. Therefore, the minimum of Kt over tt € R is 
given by 

ID 12 

iT t := min ^(vr) = C t - . 
We then obtain from the expressions of A, B and C that 

with 

' rw |a t | 2 y t + Af|/3 t | 2 ([/ t + y t ) ' 

\a t YtZt + XfpM(Ut + Yt)\ 2 



(tt ■= -m + \Zt\ Z Y t + X^(Ut + Y t )\Ut\ 



\at\ 2 Yt + Xf\(3t\ 2 (U t + Y t ) 
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For that the family (J 7r ) 7r( =^ satisfies the conditions (iii) and (iv) we choose f, g and f) such 
that 

% = , *B t = and £ t = , 
for all t € [0, T}. This leads to the following choice for the drivers f, q and f) 

f(t,y,z,u) : 
g{t,y,z,u) : 



ZtZ + Xt UtU ^TftWM 



hf/« 2 «i i*i 2 y+a^/+y^i 2 k^ + Ap/W^ + ^)l 2 

We then notice that the obtained system of BSDEs is not fully coupled, which allows to 



study each BSDE alone as soon as we start from BSDE (f, 1) and end with BSDE (r),0JrJ. 
However the obtained generators are nonstandard since they involve the jump component 
and they are not Lipschitz continuous. Moreover, these generators are not defined on the 
whole space R X 1 X I. Therefore, we also have to deal with this additional issue. 

Using a decomposition approach based on Proposition ^. 11 we obtain the following result 
whose proof is detailed in Section 01 

Theorem 3.1. The BSDEs (|3TS]1 . l[377jl and (USD admit solutions (Y,Z,U), (y,Z,U) and 
(T, S, 9) in SJ \ /.-. x L 2 (A). Moreover Y £ 

3.3 A verification Theorem 

We now turn to the sufficient condition of optimality. As explained in Subsection 13.11 a 
candidate to be an optimal strategy is a process ir* 6 A such that J T is a martingale, 
which implies that dK n * = 0. This leads to 

%l = arg min ETt (7r) , 

7T"£z]R 

which gives the implicit equation in tt* 



7T, 



^i- V / I |2v i \Gl/9. 12/Tr. i V^ 



|^|2y t _+Af|AI 2 (^ + y t -) kt| 3 r t -+A t 6 |/9 t p(cr t + y t - 

Integrating each side of this equality w.r.t. jjjr*- leads to the following SDE 



f* ( V v * \ HrYy- + Q-yZr + \f P r U r dS r 







f* a r Y r -Z r + \?PrU r {Y r - + rfg r . (=rnTA , 
" ' \<j r \ 2 Y r ~ +AP|/3 r | 2 (C/ r + y r -) S- r - ' L ' J 







We first study the existence of a solution to SDE (|3.10p . 



The notation BSDE (/, H) holds for the BSDE with generator / and terminal condition H . 
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Proposition 3.2. The SDE (|3.10j) admits a solution V* which satisfies 



E 



sup \V t *\ 2 

tS[0,TAr] 



< oo . 



(3.11) 



Proof. To alleviate the notation we rewrite (|3.1U|) under the form 
f V * = x, 

\dV t * = {E t V*_ - F t )(n t dt + atdWt + PtdMt) 
where E and F are defined by 

H Y t - + a t Z t + Xfp t U t 

tiit '■ = 



Ft :-- 



\a^Y t + \f\mUt + Y t -) ' 

Xf/3tU t (Y t - + U t ) + tl t Y t -y t - + >$PtUty t - + ^rX- + °rZ r Y r - 

\a t \ 2 Y t + Xf\p t \^U t + Y t -) 



for all t £ [0, T]. We first notice that from (HS) (ii), Y € 5^°' and AY T = U T , there exists 
a constant C > such that 

\a t \ 2 Y t + Xf\f3 t \ 2 (U t + Y t -) > C, P — a.s. 

for all f e [0,T]. Therefore, using (Y,Z,£7), {y,Z,U), (T,H,9) G 5^ x L| x L 2 (A), we 
get that -E and i* 1 are square integrable 



E 



T 



JO 



\E t \ 2 + \F t \ 2 )dt 



< oo . 



Using Ito's formula, we obtain that the process V* defined by 
V t * := $ t (x + V t ), t £ [0, T A r) , 



(3.12) 



where 



and 



and V? Ar = 1 T < T [(1 + E T (3 T )V T *- - F T /3 T ] + 1 t>t $t(x + *t) , 



$ t := exp(J^{E s (fi s -\fp s )-^\o- s E s \ 2 )ds + ^o- s E s dW, 



ti s -\fp s -E s \a s 



-^-a s dW s 



for all t € [0, T] is solution to (EHUD . 

We now prove that U* defined by (|3.12p satisfies (|3.11D . 

Step 1: We prove that 



E 



* |2 
TAt\ 



< OO . 



(3.13) 
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Indeed, from the definition of Y and y and Ito's formula, we have 



Y TAr \v^ AT -y T 



At | 



y \x - y \ 2 + m^ At + 



TAt 



\o t Y t Z t + \^p t U t {Ut + Y t )Y 
\a^Y t + Xf\^(U t + Y t ) 



\Z t \ 2 Y t + Xf(U t + Y t )\U t f 



dt 



where M* is a locally square integrable martingale. Therefore, there exists an increasing 
sequence of G-stopping times (^i)ieN such that V{ — > +00 as i — > 00 and 



E[Y TArAUi \V, 



TAtAia 



y T . 



ArAVi 



Y \ x -y Q \ 2 + E 



T/\T/\Vi 



\Z t \ 2 Y t + \f(U t + Y t )\U t f 



\<TtY t Zt + \?l3tUt(Ut + Y t )\' 
\o t \iY t + \fW{U t + Y t ) 



dt . 



Since Y € S??' , there exists a constant C such that 



ThThUi 



y T , 



< C(\x-y \ z + E \Z t \ z Y t + \Y(U t + Y t )\U t \< 







dt 



This inequality implies that there exists a constant C such that 

2i 



From Fatou's lemma, we get that 

2i 



E[|^TAr-^TAr|] < liminfE[|^ 



TAtAu, 



y T 



ArAVi 



< c. 



Finally, noting that 3^ is uniformly bounded, it follows that 

|2i „ . m ri,, i2i 



E[|V? AT |] < 2(C + E[|^TArr]) 



Therefore, we get (|3.13p . 
Step 2: We prove that 



E 



sup \v t *\ 2 

tG[0,TAr] 



< OO . 



For that we remark that V* At ls solution to the following linear BSDE 



tAr 



Vtat 



TAt 



tAr 



Zeds 



[■TAt [-TAt 

I z s dW s - / u s dM s , t E [0, T] 

J tAr J tAr 



with 



u t 



(3V - ^*-)(^- + gggt + XfPtUt) + ^-^t + X?PtUt(Y t - + 



\a t \*Y t -+\f\mUt + Y t - 
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for all t G [0, T]. Therefore, using (|3.13p . (HS), and classical arguments for BSDEs, we get 
(I3TTD . □ 

As explained previously, we now consider the strategy n* defined by 



(y t - - V*)(n t Y t - + a t Z t + \YPtUt) + atYt-Zt + ^tPM(Y t - + U t 



\a t \*Y t -+\fW{U t + Y t -) 
for all t G [0, T\. We first notice from the expression of n* and V* that 



vr = v t *, 



for all t G [0, T}. Using (l3~TTTl and (^T5l) . we have 

r X,w* |2 



E 



te[0,f Ar] ' 



< OO . 



(3.14) 



(3.15) 



(3.16) 



We can now state our verification Theorem which is the main result of this section. 



Theorem 3.2. The strategy ir* given by (|3.14p belongs to the set A and is optimal for the 
mean-variance problem (j2.2[) . Thus we have 



E 



|V££ -H\ 



minE 



\V£Zr-H\ 



Y \x-y \ 2 + r , 



where Y,y and T are solutions to ()3.6[) - f)3.7|) - fj3.8p . 

To prove this verification Theorem, we first need of the following lemma. 

Lemma 3.1. For any tt G A, the process M\ T defined by (|3.10p is a G-local martingale. 

Proof. Fix 7r G A. Then from the definition of V x ' n , (HS 1 ) and BDG-inequality, we have 



E 


sup 


V tAr \ 


< OO . 


(3.17) 




L t£[0,T] 









Define the sequence of G-stopping times (f n )n>i by 

v n := inf | s > : sup |V^^| > n > , 

r€[0,s] J 

for all n > 1. First, notice that {v n )n>i is increasing and goes to infinity as n goes to 
infinity from (|3.17p . Then, since 7T G A, Y, y G and Z,Z,E € L%, we get 



E 



ThV n hT 



2Y t X?(n t a t -Z t ) + Z t \X?\ 2 + 



dt 



< oo , 



for all n > 1. Moreover, since U,U,Q G -^ 2 (^) 5 we get 
E / 

for all n > 1. Therefore, we get that the stopped process M w ArAUn is a G-martingale. □ 



2Xf. + nPt - U t )faPt - U t ){Y t - + U t ) + \X£. \ 2 u t + e 



XYdt 



< oo , 
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Proof of Theorem 13.21 As explained in Subsection 13.11 we check each of the points (i) 
(ii), (hi) and (iv). 

(i) From the definition of Y, y and T, we have 



\VtZ~ H \ 



Jtat — Ytat\V t ' At — H\ +TtAt 
for all 7r £E A. 

(ii) From the definition of the family (J 7r ) 7r e^l) we have 

Jo = W"-^o| 2 + T = lok-^ol' + To, 

for all 7r € A. 

(hi) Fix 7r G A. Since Y, y, T £ cS,^ , we have from the dehnition of J 71 " and BDG inequality 



E 



sup | Jf 
te[o,T] 



< +00 . 



(3.18) 



Now, fix s,t € [0,T] such that s <t. Using the decomposition (|3.9|) and Lemma 13. 11 there 
exists an increasing sequence of G-stopping times (vi)i>i such that z/j — > +00 as i — > +00 
and 



E 



> F 



(3.19) 



for all i > 1. Then, from (|3.18|) . we can apply the conditional dominated convergence 
Theorem and we get by sending i to 00 in (|3.19D 



E 



> T 



for all s,t € [0,T] with s <t. 

(iv) We now check that ir* £ A i.e. E /(^ At |7i\t| 2 (is < 00. Using the definition of ir* and 
(I3.15j) we have that V x,n * is solution to linear BSDE 



v. 



TA7 



TAr 



tAr 



Ms , 

— z s as 



TAr 



z s dW, 



tAr 



TAr 



tAr 



with 



z t = a t -K* t and u t = j3 t -n* t , 
for all t £ [0,T]. Therefore, using (|3.16p . (HS"), and classical arguments for BSDEs, we get 



E 



TAt 



I * |2 j 
7Tj as 



< OO . 



We now check that J 71 "* is a G-martingale. Since K n * is constant, we obtain from 
Lemma 13.11 that J n is a G-local martingale. Then, from the expression of J n and since 
Y,y,T € S(p°, there exists a constant C such that 



E 


sup \Jf 


< C(l + E 


Slip | K t 




-te[o,T] 




^€[0,TAt] ^ 



Using (|3.16p . we get that 



E 



sup I Jf 

te[o,T] 



< +00 . 



Therefore, J n is a true G-martingale and ir* is optimal. 



□ 
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4 A decomposition approach for solving BSDEs in the filtra- 
tion G 



We now prove Theorem 13,11 via a decomposition procedure. We first provide a general 
result which gives existence of a solution to a BSDE in the enlarged filtration G as soon as 
an associated BSDE in the filtration F admits a solution. Actually the associated BSDE is 
defined by the terms appearing in the decomposition of the coefficients of the BSDE in G 
given by Lemma 12.11 We therefore introduce the spaces of processes where solutions in F 
classically lie. 

- «Sf° is the subset of R-valued continuous F-adapted processes (^t)i<=[o,T] essentially 
bounded 



\Y\ 



sup | It | 
te[o,T] 



< oo . 



<S^°' is the subset of <S|° of processes (5^)tg[o,T] valued in (0, oo), such that 



< oo . 



Ljjj. is the subset of R-valued 'P(F)-measurable processes [Zt)t^[o,T] such that 

rT 



\z\ 



L 2 



E 



\Z t \ 2 dt 



< oo . 



Finally since the BSDEs associated to our mean-variance problem have generators with 
superlinear growth, we consider the additional space of BMO-martingales: BMO(P) is the 
subset of (P, F)-martingales m such that 



l m llBMO( 



sup E[(m)r 



where 7f[0,T] is the set of F-stopping times on [0, T]. This means local martingales of the 
form mt = f Z s dW s are BMO(P)-martingale if and only if 



sup 

ueT 7 [0,T] 





- fT 








(e 


/ \Z t \ 2 dt 






< oo 




- J V 






00 



||^||bmo(p) 

In the sequel, we shall write Z G BMO(P) for J Z s dW s G BMO(P). 



4.1 A general existence theorem for BSDEs with random horizon 

We provide here a general result on existence of a solution to a BSDE driven by W and 
N with horizon T At. We consider a generator function F : x [0, T] x R x K x R — ► R, 
which is V(G) S(R) ® B(R) <8> ,B(R)-measurable, and a terminal condition £ which is a 
t?TAr- m easurable random variable of the form 

£ = e 6 l T <r + C^T>r , (4.20) 
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where £ b is an J-r-measurable bounded random variable and £ a G S^P. From Proposition 
12.11 and Remark 12. 1\ we can write 

F(t,.)t t < T = F b (t,.)t t < T , t>0, (4.21) 

where F b is a V(¥) (g>23(R)(g>23(R)(g> 23(R)-measurable map. We then introduce the following 
BSDE 

Yt = C b + [ T F b (s,Y s b ,Z b s ,C-Y s b )ds- [ T Z b s dW s , te[0,T}. (4.22) 
Jt Jt 

Theorem 4.3. Assume that BSDE (j4T2"2"|) admits a solution (Y b ,Z b ) G 5|° x Lf. TTien 
ASM? 

/•TAt rTAr pTAr 

Y t = £+ F(s,Y s ,Z s ,U s )- Z s dW s - U s dN s , t G [0, T] ,(4.23) 

JtAr JtAr JtAr 

admits a solution (Y, Z, U) G x Lj| x -L 2 (A) given fry 

Y t = Y b l t<T + gl t > T , 

Z t = Z b t t < T , (4.24) 

Ut = (tf-Y b )t t < T , 

for all t G [0,T]. 

Proof. We proceed in three steps. 

Step 1: We prove that for t G [0, T], (Y,Z,U) defined by (|4.24|) satisfies the equation 
(|4.23|) . We distinguish three cases. 
Case 1: r > T. 

From il2i| . we get Y t = Y t b , Z t = Z b t and U t = - Y t b for all t G [0, T]. Then, using that 
(Y b ,Z b ) is a solution to (jQ2"]l . we have 

Y t = £ b + J F b (s,Y s ,Z s ,U s )ds- J Z b dW s . 



Since the predictable processes Z and Z b are indistinguishable on {r > T}, we have from 

£ Z s dW s = g 



Theorem 12.23 of [ID], f t T Z s eftF s = / T on {r > T}. Moreover since £ = £ b and 



/™ T U s dN s = on {r > T} we get by using (|OB 



pTAr i-TAt i-TAt 

Y t = £+ / F(s,Y s ,Z s ,U s )ds- Z s dW s - U s dN s . 

JtAr JtAr JtAr 

Case 2: t G (t,T]. 

From (|4.24p . we have Yt = Y b . Since (Y b ,Z b ) is solution to ([4~2"2"|) . we have 

y t = i; 6 + f f"( s , yj>, £ - Y b )d s - [ T z b dw s . 
Jt Jt 

Still using (j4T21~T) and (@23D, we get 

Y t = C+ / T Y s , Z„ U s )ds - [ T Z b dW s - (£ - Y b ) . 
Jt Jt 
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Since the predictable processes Zt. <T and Z b \, <T are indistinguishable on {t > t} D {t < 

C T z s dw s = J t 7 



T}, we have from Theorem 12.23 of [ID], /f Ar Z s dW fl = J t TAr Z£dW s on {r > t} n {r < T}. 



Therefore, we get 

Y t = g+ [ T F(s,Y s ,Z s ,U s )ds- [ T Z s dW s -(g-Y b ) 



Finally, we easily check from the definition of U that U s dN s = — Y b . Therefore, 
we get using (|4.20|) 



TAt 

Y t = e+ / F(s,Y s ,Z s ,U s )ds 

k At 



TAt 



Z,dW, 



tAr 



TAi 



tAr 



U s dN s 



Case 3: r < t. 

Then, from (|4.24p . we have Yt = We therefore get on {r < t} by using (|4.20p 



/■TAt /-TAt /-TAt 

F* = e+ / F(s,Y s ,Z s ,U s )ds- Z s dW s - 

J t At J4At •/ £ At 



Step 2: We notice that y is a cad-lag G-adapted process and £/ is "P(G)-measurable since 
Y b and £ a are continuous and G-adapted. We also notice from its definition that the process 
Z is "P(G)-measurable, since Z b is "P(F)-measurable. 

Step 3: We now prove that the solution satisfies the integrability conditions. From the 
definition of Y, we have 



\Y t \ < \Y t b \ + \$\, t€[0,T\. 
Since Y b € <S|° and £ a S <Sf°, there exist two constants Ci, Ci > such that 

Y bl 

te[o,T] 

Therefore, we get from (|4.25|) 



(4.25) 



sup |Y/| < d and sup |£ t a | < C 2 , 

fe[o,T] 



a.s. 



sup \Y t \ < Ci + C 2 , 
te[o,T] 

and ||F||5oo < +oo. 

From the definition of the process Z, we have 



Since Z b £ L|, we get 



a.s. 





- /" T 




- r T i 


E 


/ [Z s | 2 ds 


< E 


J \ z s\ 2 ds 




-JO 







E 



< +oo 



Finally from the definition of U, we have 

\U t \ < \Y?\ + \&\, te[0,T] 
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Since Fe^.f £ and A is bounded, we get 

rTAr 



E 



h\U t \ 2 dt 



< oo 



□ 



Using this abstract result we prove the existence of solutions to each of the BSDEs (|3.6 
(|3.7p and fj3.8[) in the following subsections. 



4.2 Solution to BSDE (f, 1) 

According to the general existence Theorem 14. 3\ we consider for coefficients (f, 1) the BSDE 
in F: find {Y\ Z h ) ( S-T x such that 

dy , = r |fo- Wff + a t Zl + X t Pt\ 2 _ h + hY a dt + # teMt 
\at\ z Y{ + M\Pt\ 



Yj, = 1 . 



(4.26) 

To solve this BSDE, we have to deal with two main issues. The first is that the generator 
f has a superlinear growth. The second difficulty is that the generator value is not defined 
for all the values that the process Y can take. In particular the generator may explode if 
the process Y goes to zero. Taking in consideration these issues we get the following result. 

Proposition 4.3. BSDE (|426j) has a solution (Y b , Z b ) in S™' + x l| with Z b G BMO(P). 

Proof. We first notice that BSDE (|4.26p can be can written under the form 

dY b = { ^ " - Y* - - h Al 2 - Xt + X t Y b + 2{JH .-^ (a t Z b + hPt) 

1 Ftn Ft I Ftn 

\a t Z b + A* A + (At A - I 2 i 

^ = i. 

Since the variable Y b appears in the denominator we can not directly solve this BSDE. 
We then proceed in four steps. We first introduce a modified BSDE with a lower bounded 
denominator to ensure that the generator is well defined. We then prove via a change of 
probability and a comparison theorem that the solution of the modified BSDE satisfies the 
initial BSDE. 

Step 1: Introduction of the modified BSDE. 

Let (Y e , Z £ ) be the solution in S~ x Lj to the BSDE 

dYf = { ^ 7 - Y? - ^iMi ~ X t f3 t \ 2 - A t + X t Yf + ^ ~ ^ (* t Zf + X t (3 t 
1 Ftn Ft I Ftr 

| ( T i ^ + At/3 i + (At/3 i -/i i )^| 2 1 

v e — i 

Xj, — X , 

(4.27) 
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where e is a positive constant such that 



cxp 



T 



|^-A f /3 f | s 
Wt\ 2 



dt) > e, 



a.s. 



(4.28) 



Such a constant exists from (HS). Since BSDE ()4.27p is a quadratic BSDE, there exists a 
solution (Y £ , Z £ ) in <Sf° x L§ from [19] . 

Step 2: BMO property of the solution. 

In this part we prove that Z £ G BMO (P) . Let k denote the lower bound of the uniformly 
bounded process Y £ . Applying Ito's formula to \Y £ — k\ 2 , we obtain 









E 


\[\Z £ s \ 2 ds 











-- \\-k\ 2 -\Y £ -k\ 2 -m 

for any stopping times v G 7f[0,T], with 

f e (t,y,z) 



(4.29) 



\iit-\Ht\ 2 A £ I /5 t 1 2 

-y 



+- 



Ft I Ft 
|atz + AtA + (AiA-^)W| 2 



-k-A f A| 2 -A f + A t , + 2(/it - A ^ ) 



Ft I 



(a t z + \ t Pt) 



\a t \>{yVe) + \ t W 
for all (t, y, z) G [0, T] x E x E. We can see that 

f{t,y,z) > I t + G t y + H t z, 

for all (t, y, z) G [0, T] x E x E where the processes /, G and H are given by 



(4.30) 



It 



A 



ktl 2 

0"t 



■1^ - A t A| 2 - At + 2A f /3 t 



(Mt - A t A) 



Ft 



+ A 4 



for all t G [0, T]. We first notice that from (H5), the processes /, J and K are bounded. 
Using (|4.29p and (|4.30|) . we get the following inequality 



E 



\Z e s \ 2 ds 



< |1 - fc| 2 - 21E / (Y s E -k)(I s + G s Y s E + H s Z £ s )ds 



From the inequality 2ab < a? + b 2 for a, b > 0, we get 



E 



T 



\Z £ s \ 2 ds 



T 

< |l-Af-2E / (Y £ — k)(I s + G s Y E )ds 



+ 2E 



h s \ 2 \y £ - k\' z d s 



+ -E 
2 



T 



\Z £ s \ 2 ds 



Since I, G, H and Y £ are uniformly bounded, we get 



E 



\Z £ \ 2 ds 



C 
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for some constant C which does not depend on v. Therefore, Z £ G BMO(P). 

Step 3: Change of probability. 
Define the process L £ by 



^ \ ^ i in /-r ri ~ . . \ x i /~t in i 



a f |a t | 2 (y/Ve) + A i |/3 t | 2 ' Wt\ 2 (Y £ V e) + A t |A | 2 ' 

for all t G [0,T]. Since y £ G Sf°, Z e G BMO(P), we get from (H5) that L £ G BMO(P). 
Therefore, the process £(J L e s dW s ) is an F-martingale. Applying Girsanov Theorem we 
get that the process W defined by 

W t ■= W t + [ L £ s ds, 



■Jo 

for all t G [0, T], is a Brownian motion under the probability Q defined by 

rT 



dF 



£ 



LldW, 



o 



We also notice that under Q, (Y £ ,Z £ ) is solution to 



Y t £ 



1 + 



T 



— i 77~ I A*s — <^sPs| 



I Ms — A S /3 S 



0-. s 



+ x s 



A,Y7 



|A,& + (A a &-/i a )*#| 2 

I | yJ s | 

|a s | 2 (Y/Ve) + A s |/3 s | 2 



-(is 



Z £ s dW s , i G [0, T] . (4.31) 



Step 4: Comparison under the new probability measure Q. 

We first notice that the generator f e of BSDE (I4.3ip admits the following lower bound 



f e (t,y,z) > 



\vt - \tpt\ z + \t - \ty - 2\ t (3 t - 



A t |/3 t | 2 |2 



k~W |A^ + (A,A-^)^ 

-12 f 



l^-Atftl 2 

" A *y i — 12 — y 



At I A 



-1 



for all (f , y, z) G [0, T] x R x R. We now study the following BSDE 



1 + 



I Ms — A S /3 S 



Y s ds 



Z s dW s , i G [0, T] . (4.32) 



Since, this BSDE is linear, it has a unique solution given by 



Y-t 



E,r 



cxp 



r (A.+ ^ + Y' |a )cfa 
ks r 



tG [0,21 



By the comparison Theorem for BSDEs (I4.31H and (j4.32p we have 

Yt > Y_ t , te[0,T}. 

By (|4.28p . we have e <Y t for any t G [0, T]. Consequently, Yf > e for any t G [0, T], and 
(y £ , Z £ ) is solution to (025}. □ 



We now are able to prove that BSDE (f, 1) admits a solution. 
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Proposition 4.4. The BSDE §33$) admits a solution (Y,Z,U) G Sg? x L| x L 2 (A) uretft 

y g s~< + - 

Proof. From Theorem 14.31 and Proposition 14, 31 we obtain that BSDE (|3.6|) admits a 
solution (y Z, [/) € x L| x L 2 (A), with Y given by 

y = Y b t T<t + l T > t , t G [0, T] . 

with y b € from Proposition 14.31 Therefore y G 'Sj? 3 ^- □ 



4.3 Solution to BSDE (g,H) 

We first notice that BSDE (g, i?) can be rewritten under the form 

(jhY t + atZt + \fPtUt)(o-tY t Z t + Xf/3 t (U t + y)^ t ) _ Z t 

y(M 2 y + Af|&| 2 (^ + y)) y 

^ - XfU t ]dt + Z t dW t + U t dH t , t G [0, T A r] , 



Since y lj< T = Y b t t<T and Ut^t<r = (1 — y b )lt<T> we consider the associated decomposed 
BSDE in F: find (y b , Z b ) G x L 2 such that 

f (Oft ~ A t ft)y f b + o t Z\ + \tPt)(<JtY t b Z* + - A^y t b ) 

i- y/(|^py/ + A t |A| 2 ) 



y b T = H h 



T 

We notice that this BSDE has a Lipschitz generator w.r.t. the unknown (y b ,Z b ). However 
the Lipschitz coefficient depends on Z b which is not necessarily bounded. Thus we cannot 
apply the existing results and have to deal with this issue. 

Proposition 4.5. BSDE (|Q3|I admits a solution (y b , Z b ) in Sf° x L 2 with Z b G BMO(P). 

Proof. We first define the equivalent probability Q to P defined by its Radon-Nikodym 
density ^|jt t = £(J* PtdWt) where p is given by 

Z b t Q-t{(pt-X t f3 t )Yt b + vtZ b + \ t (3 t ) 

Since Z b G BMO(P), Y b G S^°' + and the coefficients /i, a and (3 satisfy (HS"), it implies 
that p G BMO(P). Therefore, W t := W t - f* p s ds is a Q-Brownian motion. Hence, BSDE 
(I4.34p can be written 

J dy b = a t (y b -H?)dt + z b dw t , te[o,T], 

3*Ar = H b , (435) 
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with 



\Mt\ 2 Y t b - XtPtiJjH ~ hPt)Y t b + a t Z\) 



arc 



By definition of a we can see that a G BMO(P) since the coefficients n, a, (3 and A 
bounded, Y b G and Z 6 G BMO(P). Using BMO-stability Theorem (see Theorem 

15. 4p . there exists a constant I' > such that EqI/J" |a s | 2 ds|Jv] < I' for any i/ G 7f[0,T]. 
We now prove that the process y b defined by 



y 



rr 



T rrb 



H b + 



t M 



-^a s H a s ds 
1 1 



I, 



t€ [0,T] 



with T t := exp(— JjJ a s ds), is solution of this BSDE. We proceed in four steps. 

Step 1. Integrability property of the process T. 

We first prove that for any p > 1 there exists a constant C > such that the process T 
satisfies for any t G [0, T] 



Et 







V 




sup 






L t<s<T 







< c. 



(4.36) 



Since Eq[jJ lospdslJv] < £' for any G 7i[0, T], we get from Proposition 15.91 that there 
exists a constant 5 such that < 5 < j? and 



fT 



exp ( 5 / |a s | 2 ds 



< 



1 



I -5V 



We get for any < t < s < T 

r. 



< 



exp 



< exp (^r) exp / |a r | 2 dr) . 



(S\a r \ 2 + ^)dr) 



T 



Consequently, we get 



sup 

L t<s<T 



r, 



, (V 2 '\ 1 
< exp I —1 



46 J1-5V 



Step 2. Uniform boundedness of y b . 

We now prove that y b G <S|°. For that we remark that by definition of y b we have the 
following inequality 



\y b \ < ||i? 6 ||oc% 



r, 



+ ll^llooEr 



|aJ 2 iis 



+ ll^ a HooE(r 



Therefore, we get that y b G 
Step 3. Dynamics ofy b . 
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We now prove that y b satisfies (B~35l) . For that we introduce the Q-martingale m defined 



by 



m t := T t y b + f'rsasH^ds , t€[0,T\ 
Jo 



10 

We first notice that m is Q-square integrable. Indeed, from the definition of m, there exists 
a constant C such that 



\m t \ 



< C Ei 



+ E C 



T s a s # s a ds 



o 



for all t G [0,T]. Since G -ff a € 5|° and from Cauchy-Schwarz inequality there 
exists a constant C such that 



\m t \ 



< C IE 



+ A Ef 



I 1 2 

a, (is 



sup rJ 

L 0<s<< 



for all t € [0,T]. Since a 6 BMO(P) we have from Theorem[5l]a G BMO(Q), and we get 
from Proposition 15.91 and (|4.36[) 



Er 



< oo , t G [0, T] 



Therefore, there exists a predictable process i? such that EqIJ"^ |.Z s | 2 <is] < oo and 
T t y b t+f T s a s H a s ds = m + [ Z s dW s , te[0,T]. 



Z b t dW s , i e [0,71 . 



From Ito's formula and the definition of y\ we have 



y 



T 



a s (y b s - H a s )ds 



(4.37) 



where the process Z b is defined by 



Z b - 



te [o,r] . 



We now prove that Z b G BMO(Q). Using (j4.37|) . there exists a constant C such that 



SUp E{; 
^£7i[0,T] 



|Z s 6 | 2 ds 



< c (\\y 



500 + H-ff !!^) sup E( 



^eT F [o,T] 



r /" T 




/ \a s \ 2 ds 









+ll# 6 



+ liy 



fen 2 



Since y b e S§° , H a e S§? , H b £ S§° and a G BMO(Q), we get that Z b G BMO(Q). Thus, 
from Theorem E3 Z b G BMO(P) and E[/ Q T \Z%\ 2 dt] < oo. To conclude we get from (pOTTjl 
and the definition of VF that (y b , Z b ) is a solution to BSDE (O^ . □ 

We now prove the existence of a solution to BSDE (g, H). 

Proposition 4.6. TTie BSDE (J32J) admits a solution (y,Z,U) X 4 X l2 ( a )- 

Proof. From Theorem 14.31 and Proposition 14.51 we obtain that BSDE (|3.7p admits a 
solution G x x L 2 (A). □ 
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4.4 Solution to BSDE (h,0) 
We recall that BSDE (f), 0) is 



j Wt n ia t | 2 y 4 + Af|/3 t | 2 (c/ t + y t ) / 

/■TAt /-TAt 

- / ~ s aW s - / 9 s (iM s , i G [0, T] . (4.38) 

JtAr JtAr 

Using the definitions of Y, U, Z and U, we therefore consider the associated decomposed 
BSDE in F: find {T b , E b ) G S§° x L 2 such that 



|2 | gt Y t » 4 + AtA(gf-3 ^ |! 
|<r t | 2 l? + A t |ft| 2 



Proposition 4.7. TTie (|^39l) admits a solution (T b ,E b ) G <S£° x L§. 

Proof. Denote by i? the process defined by 

P I7&|2 V 6 , x | ff a , ;6 |2 Mfg + Ajfl Cg? ~ | 2 
* .- I^n+A^-DM kt |2y t 6 + At | A | 2 > 

for £ G [0, T]. Define the process T b by 



f b t := E 



J R s eSo Xudu ds F t \ , t€ [0, T] . 



From (H5), A is bounded, Y b G <Sf°, i? a G y b G <S£° and Z b G BMO(P), we get from 
Proposition 15.91 that T b G <Sp° and the process is a square integrable 

martingale. Hence there exists a process S G L| such that 

/■T /-T 

f t b = / i? s e^o x - du ds - / S fl dW s , t G [0, T] . 
From Ito's formula we get that the processes (Y 6 , H 6 ) defined by 

satisfy f|4.39j) . Since H G L§ and A is uniformly bounded we get that E G L§. Finally, since 
t 6 G <Sf° we get that T b G «Sf°. □ 

Finally, we prove the existence of a solutin to BSDE (f), 0). 

Proposition 4.8. The BSDE admits a solution (T,H,0) G x L? G x L 2 (A). 

Proof. From Theorem 14.31 and Proposition 14.71 we obtain that BSDE (|3.8|) admits a 
solution (Y, Z, J7) G x L 2 G x L 2 (A). □ 
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5 Appendix 



Theorem 5.4. (BMO- Stability) Let M be a local martingale and N be a~BMO(F)-martingale. 
Let define the martingale measure Q ~ P with the Radon-Nikodym density on Ft given 
by Z T = £{N) T . IfM is a BMO (F)-martinagle then M-(M, N) is a BMO (Q) -martingale. 

Proof. See Kazamaki [18] Theorem 3.3. □ 

Proposition 5.9. Let A be a continuous increasing F-adapted process and t > such that 
there exists a constant C > satisfying 

E[A t -A s \T s ] < C, 

for any s € [0, t] . Then, we have for any s € [0, t] and any p > 1 

E[\A t - A S \ P \F S ] <pl\C\ p 

and 



E 



< 



1 



1-SC 



exp(5(A t - A S ))\F S 
for any 5 G (0, C). 

Proof. Let A be a continuous increasing F-adapted process satisfying E[At — A S \J- S ] < C 
for any < s < t. We first prove by iteration that E[|^ — A^IT 7 ,,] < p!|C| p for any p > 1. 

• For p = 1, we have by assumption E[At — A S \J- S \ < C. 

• Suppose that for some p > 2, we have E[\A t — A s \ p ~ 1 \J r s ] < (p — 1)!|C| P_1 . Since A is a 
continuous increasing F-adapted process we have 

\A t -A s \ p =p f \A t -A u \ p ~ l dA u , 

J s 

for any s G [0,t]. Consequently we get 



E[\A t -A s \P\T s 



P E 



pE 



\A t - A u \ p ~ l dA u 



E 



\A t - A u 



p-i 



dA u 



< pllCr'EiA - A S \T S ] 

< pl\C\ p . 

• Since the result holds true for p = 1 and for any p > 2 as soon as it holds for p — 1, it 
holds for p, we get 

E[|^-^ S | P |J- S ] <p!|Cf , 

for any p > 1 . 

From this last inequality, we get for any 5 € (0, ^) 

1 



E 



p>0 y 



p ^A t -AA p 



p>0 



p 



1-5C 



which is the expected result. 



□ 
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